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ABSTRACT – The free volume of a liquid is an 

important concept as we can see from the Doolittle 

equation which shows that the viscosity is dependent on 

only the free volume. On the other hand the bulk modulus 

of liquids depends linearly on the pressure as shown in 

the Murnaghan equation. It is found that the dependence 

of the bulk modulus of liquids arises from the free 

volume and a new model is proposed. Measurements of 

the bulk modulus for typical lubricants were given and 

the free volumes were accordingly estimated by using the 

proposed model, which shows that the model is 

reasonable. 

 

1. INTRODUCTION 

The free volume of a liquid is the volume in excess 

to the random close-packed volume [1], which may be 

present as holes or irregular voids. The fractional free 

volume, which is defined as the ratio of the free volume 

to the total volume, is considered to be constant at the 

glass transition temperature for most of systems [2], and 

it is around 0.025 [3] which means that the fractional 

closed-packed volume at the temperature is 0.975. The 

free volume provides the fluidity and controls the 

viscosity of a fluid which is summarized in the Doolittle 

equation [4]. The free volume increases with the 

temperature, but decreases with the pressure. The 

Doolittle equation makes it possible to predict the 

viscosity of a liquid at any given temperature and 

pressure only if the dependence of the free volume on the 

temperature and the pressure is clarified, which has been 

explored by Bair et al [5].  

 In this paper, a new approach to the measurement 

of the free volume is given in terms of the bulk modulus. 

 

2. BULK MODULUS OF LIQUIDS 

The bulk modulus K of a liquid is defined as  
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where p is the pressure applied, and V the volume of the 

liquid. 

The volume of liquids can be divided into two 

different parts: the free volume and the occupied volume. 

The bulk modulus K can be decomposed as follows 
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Where  % and  ' are the nominal bulk moduli of the free 

volume and the occupied volume, respectively. The bulk 

modulus of the free volume defined above is the nominal 

value and its real value should be given by 
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Where f is the fractional free volume.  

Equation (4) shows that, to the extent that the real 

bulk modulus of the free volume is independent of 

pressure, the nominal bulk modulus will be inversely 

proportional to the fractional free volume which 

decreases as pressure increases.  

The fractional free volume f can be expressed in 

terms of the pressure to the extent that the real volume 

modulus of the free volume is independent of the 

pressure as follows 
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Combining equation (2) and (6) gives 
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At low pressure where 

$4 (% 5 1, and  % 5  ' (8) 

equation (7) can be approximated by 
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This is no more than the Murnaghan equation [6] 
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Equation (7) shows the possibility of measuring the 

fractional free volume of a liquid by measuring the 

pressure dependence of the bulk modulus which has been 

well established. The Mornaghan equation is only an 

approximation of equation (7) at low pressure. 

 

3. EXPERIMENTATION 

Figure 1 shows the schematic of the high pressure 

densimeter used in this study. The densimeter is basically 

a dilatometer which measures the volume change with 

pressure by measuring the displacement of the plunger 
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during loading. The dilatometer is generally not 

recommended to be used for the quantitative 

measurement of density for its lack of the accuracy which 

arises from the deformation of the high pressure chamber. 

The effect of the deformation of the chamber is 

eliminated in this study by measuring twice the 

displacement for the same oil under two different initial 

volumes which is realized by immersing a steel pillar into 

the high pressure chamber. The bulk modulus is then 

given by 
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Where #& is the height of the pillar.  

 

 
Figure 1 Schematic of the differential high pressure 

densimeter used in this study. 

 

4. RESULTS AND DISCUSSION 

Figure 2 shows the measurement of the dependence 

of the bulk modulus on the pressure for lubricant KTF1, 

together with the linearly fitted line of the Murnaghan 

equation and the theoretically fitted curve of equation (7) 

for comparison. The Murnaghan equation and equation 

(7) gave very similar pressure dependence of the bulk 

modulus as shown in Figure 2. However the following 

shows that two models gave very different fitted 

parameters. 

The fitted Murnaghan equation for KTF1 is given 

by 

' = 0.6 + 8.97"*GPa (13) 

which suggested that  

',- = 0.6*GPa 

'/, = 0.066*GPa 

1- = 0.22 

(14) 
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On the other hand, the theoretically fitted equations 

are 
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'; = 20*GPa!
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The two models gave very different fitting results. The 

compressibility, which should be in the same magnitude 

order as the fractional free volume, of KTF1 up to a 

pressure of 1 GPa is around 20%. Therefore equation (7) 

given in this paper is fitter than the Murnaghan equation

for the fitting parameter of the fractional free volume. 

The Murnaghan equation is much simpler in form than 

equation (7) and may be used to predict the dependence 

of the bulk modulus on the pressure, but it is not 

recommended to use the Murnaghan equation for fitting 

parameter.  

 

 
Figure 2 Measurement of the pressure dependence of 

the bulk modulus for KTF1, together with the linearly 

fitted and theoretically fitted results. 

 

5. CONCLUSION 

A new model of predicting the pressure dependence 

of the bulk modulus of liquids was proposed by 

considering the effects of the free volume and the 

occupied volume on the compressibility of liquids. It is 

found that the Murnaghan equation is an approximation 

of the proposed model at low pressure, and that the 

fractional free volume is estimated very well from the 

measured dependence of the bulk modulus on the 

pressure by using the model. The fraction free volume of 

the lubricant KTF1 under atmosphere pressure is around 

18%. 
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