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ABSTRACT – In this study, the effect of misalignments 

on the instability thresholds of a shaft-bearing system 

supported by two externally pressurized air journal 

bearings is investigated. Semi-implicit method is used to 

reduce computing time for unsteady Reynolds’ equation. 

The fourth order Runge-Kutta method is applied for 

solving the equation of motions. In addition, FFT 

processing is used for analyzing half-frequency whirl 

phenomena and calculating threshold speed. In this study, 

a technique is used for calculating non-tridiagonal 

matrices that have periodic boundary conditions. Results 

show that the effect of misalignment of journal bearings 

on the instability is quite significant. 

 

1. INTRODUCTION 

These days, air bearings are applied in many fields 

on account of their high load capacity, longevity and 

accurate controllability. For high-speed operation, factors 

that can affect film thickness should be considered very 

carefully. The most important factors that can affect 

instability can be shape errors and misalignments of the 

rotor bearing system that come from the error of 

manufacturing process. Song et al. [1] already proved 

that the semi-implicit method proposed by Castelli & 

Stevenson [2] can be applied to the cylindrical air journal 

bearings. They also investigated the effects of only shape 

errors on the dynamic behaviours of externally 

pressurized air journal bearings. The results show that 

shape error significantly influence the threshold of the 

instability. 

However, misalignment cannot be ignored for the 

instability of the externally pressurized air journal 

bearings. In this study, the misalignments are modelled 

and new film thickness function considering two kinds of 

misalignment are introduced, and then the threshold of 

the instability are studied. 

 

2. DEFINITION OF MISALIGNMENT. 

Figure 1 shows the definition of misalignment for 

two externally pressurized air bearings used in this study.  

Figure 1(a) is the state that has perfectly aligned bearings 

Figures 1(b) and (c) are the definitions of parallel 

misalignment and tilting misalignment. The amount of 

misalignments are L   for parallel misalignment and  ! 
for tilting misalignment respectively. 

 

3. FILM THICKNESS 

To calculate film thickness, center of shaft at each 

cross section along the axial direction (z-axis) should be 

calculated first using the definitions in Figure 2. 

 
(a) Perfeclty algined bearing 

 

 
(b) Parallel misalignment  

 

 
(c) Tilting misalignment  

Figure 1 Definition of Misalignment. 

 

 

 
Figure 2 Center of the shaft at cross section. 

 

Where, !", #$ , %&'(#) are tilting angle of the bearing 

and the shaft. e*, e"* , %&'(+)*  are distances from center of 

the bearing to center of the shaft as follows:  

e* = -.+$* /0 +  !"# $%                          (1) 

Where, each component can be written as follows: e&# = e& + z ' tan ()$                                              (2)  

 e)# = *z , -.
% / ' tan0123 + 45 + !" , 6 ' tan0723 (3) 

Then, Film thickness function can be written as:  8 = 9 , !: ;<>0? , @3                       (4) 

Where, h is film thickness and C is nominal clearance. 
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4. GOVERNING EQUATION 

Non-dimensional Reynolds Equation can be written 

as:  
A
AB CDEF GH

GIJ + A
AK CDEF GH

GLJ + MNOP = QB A
AB 0DE3 +

R G
GS 0DE3    (5) 

Where, 

QB = TUV
WX YZ%

[%\ ] R = ^_UV
WX YZ%

[%\ ] MNOP = ^_UZ%`bcNOPdNWX%[F  

At the position of supply hole, the inflow !"#$  should be 

considered. The dimensional inflow through the supply 

holes is as follows: 

q%&' = (d%)*+ ,"-./ 0 211 3 45
67 0 21 3 45

6896
                  ,#,"

: 0 21 3 45
8896

 

    (6) 

q%&' = (d%)*+ ,"-./ 0 211 ; 45
67 <0,#,"578 ; 0,#,"58>68 ?

67
  ,#,"

@ 0 21 3 45
8896

 

 

After substituting Q=PH, dimensionless Reynolds’ 

equation (5) can be changed to tridiagonal matrices and 

can be solved for two bearings at the same time using the 

procedure developed in the ref. [1]. Then the pressure 

profile for two bearings are calculated. After integrating 

the pressure profile, the reaction forces and moments are 

calculated. Then, the equations of motion for the mass 

center of the shaft can be written as follows:  ABCDD = EFG = ;ABH 3 F6IG 3 F7IG ; FGIJGK  ABLDD = EFM = 3F6IM 3 F7IM ; FMIJGK  

NGGOGDD = EPG = ; Q ,6R STUVWX YWYR
Z6

3 Q ,7R STUVWX YWYR
�2

 

NMMOMDD = EPM = Q ,6R [\SVWX YWYR
Z6
; Q ,7R [\SVWX YWYR

�23 ABH]̂ M  

(7) 

These equations of motions are solved using the 

fourth order Runge-Kutta method. From solving equation 

(7), position of mass center and two tilting angles can be 

calculated. 

 

5. RESULTS AND DISCUSSION 

5.1  Instability without misalignment 

Movement of center of shaft is analyzed with 

rotating speed of shaft. Fig.3 shows waterfall graph or 

shaft for perfectly aligned air bearings. It can be seen that 

the half frequency whirl happens around 44,000RPM, 

which can cause instability of the rotor-bearing system. 

Figures 4(a) and (b) shows orbits of shaft at the center of 

each bearing when there is no misalignment. It can be 

shown that orbit of shaft is different following the axial 

direction. 

 

 
Figure 3 Waterfall graph of center of shaft.

 
(a) (b) 

Figure 4 Orbit shaft at each bearing with no 

misalignment. 

 

5.2  Instability with misalignment 

Orbit of shaft in each position is calculated using the 

fourth order Runge-Kutta method. Figure 5 shows 

waterfall graph of shaft when there is 0.004deg tilting 

misalignment. Figures 6(a) and (b) shows the orbits of 

shaft at the center of each bearing when there is 3  m 

parallel misalignment. It is shown that orbit of shaft 

changes a lot and this difference can be led to instability 

of rotor bearing system. 

 

 
Figure 5 Waterfall graph of center of shaft 

with tilting misalignment. 

 

 
(a)                                 (b)     

Figure 6 Orbit of shaft at each bearing with parallel 

misalignment. 
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6.     CONCLUSION 

The instability of rotor-bearing system that has 

misalignments is studied and the following conclusions 

are obtained: (a) The semi implicit method is very 

efficient to solve the Reynolds’ equation when dealing 

with the time derivative term especially for air bearings. 

(b) The effects of the misalignments of two bearings are 

significant so that careful assembly is highly required to 

improve the stable condition. 
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