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ABSTRACT 

 
Round solid cylindrical-shaped bars 
have great important applications in 
power transmission and cracks normally 
occurred on the surface due to several 
factors such corrosions and material 
defects. Therefore, the failure 
predictions on the cracked components 
have a major safety issue. In this work, 
an elastic-plastic finite element analysis 
is conducted to investigate the failure 
behaviour of cracked round bars under 
tension stress. Different crack aspect 
ratio, a/b and relative crack depth, a/D 
are selected ranging between 0.6 to 1.2 
and 0.1 to 0.3 respectively. Two strain 
hardening exponents, n are used 5 and 
10 in order to simulate higher and lower 
hardening behaviour of the material and 
the material stress/strain are assumed to 
follow the Ramberg-Osgood relation. 
During the loading, the J-integral are 
calculated for several points along the 
crack fronts, x/h. Then, the limit load of 
the components are computed according 
to the reference stress method and it is 
strongly depend on the a/b, a/D, x/h and 
n. Subsequently, the limit load is 
validated whether it is capable to predict 
the J-integral along the crack fronts. 
According to the results, the present 
limit load capable to predict the J-
integral under tension force. However, 
the predictions are limited within 
certain crack geometries. 
 

Keywords: Surface cracks, elastic-
plastic analysis, finite element analysis, 
fracture 

 

1. INTRODUCTION 
 
A shaft is a highly stressed component 
particularly in transmitting power from 
one point to another. The shaft is 
generally designed to reach an infinite 
life that is subjected tension, bending, 
torsion and combinations of such 
loadings. Sometimes, catastrophic 
failure of the components due to the 
formation  of cracks occurred due to 
several factors such as improper design 
(Ismail et al 2011), material defects 
(Luke et al 2011) and corrosion 
(Mahmoud 2007). Finite element 
analysis is generally used to model and 
predict the reliability of the cracked 
component where the initiated cracks 
are modeled as a semi-elliptical shape 
(Lin and Smith, 1999).  
 

Linear-elastic fracture 
mechanics (LEFM) approach has 
successfully used to characterize the 
crack behavior under loadings. 
However, this analysis is constrained by 
significantly assumed plastic 
deformation around the crack tip. 
Therefore, an elastic-plastic fracture 
mechanics (EPFM) is then used instead 
of LEFM in order to characterize these 
cracks. The later analysis is called J-
integral is used as a driving fracture 



Regional Tribology Conference  
Bayview Hotel, Langkawi Island, Malaysia, 22-24 November 2011 

 

112 
 

parameter. This is because the influence 
of plastic deformation has already taken 
into the consideration in the J-integral 
analysis (Rice, 1968). Therefore, J-
integral is exclusively used to study the 
component made of ductile materials or 
any component experienced large 
plastic deformation. 
 

In order to analyze the J-integral 
response of the bars under tension 
loadings, ANSYS finite element 
analysis are conducted. The fracture 
parameters along the crack fronts are 
calculated for both stress intensity 
factors (SIF) and J-integral. Lack of J-
integral analysis available (Findley et 
al., 2007) for this type of crack 
geometries, therefore, SIFs are used to 
validate the present model. Then, limit 
load solution will be determined from 
the elastic-plastic FEA using reference 
stress method. According to literature 
survey (Lei, 2008), lack of information 
are available in discussing the J-integral 
and limit load responses for the surface 
cracks in round bars. Finally, the 
developed limit load will be evaluated 
for its capability to predict J-integral 
along the crack front for different crack 
geometries. 
 
2. FINITE ELEMENT 

MODELLING 

 
A circular cross-section of a component 
with a surface crack is shown in Figure 
1 (Toribio et al., 2008). The geometry 
of the crack can be described by the 
dimensionless a/D and a/b, the so-called 
relative crack depth and crack aspect 
ratios, where D, a and b are the 
diameter of the bar, the crack depth and 
the major diameter of the ellipse, 
respectively. Any arbitrary points on the 
crack front can also be normalized as 
x/h, where h is the crack width, and x is 
the arbitrary distance of P from the 
symmetry axis.  The outer diameter of 

the cylinder was 50 mm and the total 
length was 200 mm.  Due to the non-
symmetrical analysis involved, a full 
finite element model was constructed, in 
which the surface crack was situated at 
the centre of the cylinder.   
 

 
Figure 1 Nomenclature of a semi-

elliptical surface crack 

 
A finite element model was developed 
using the ANSYS software with special 
attention given to the crack tip by 
employing 20-node iso-parametric 
quadratic brick elements. The square-
root singularities of stresses and strains 
were modeled by shifting the mid-point 
nodes to the quarter-point locations 
around the crack-tip region. The detail 
of the finite element model is shown in 
Figure 2(a) with the associated singular 
finite elements around the crack tip.  
 

 

 

Figure 2 (a) Symmetrical finite element 
model and  

(a) 
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(b) Remotely applied moments 
 
To remotely apply loadings to the 
structural component, a rigid element or 
multi-point constraint (MPC) elements 
was used to connect the nodes at a 
circumferential line at the end of the 
component, to an independent node.  
Figure 2(b) shows a technique for 
constructing the independent node 
connected to the model using rigid 
beam elements. The bending moment, 
My was directly applied to this node, 
whereas the axial force was directly 
applied in the direction-x on the cross-
sectional area of the bar. At the other 
end, the component was constrained 
appropriately in all degrees of freedom. 
To obtain a suitable finite element 
model, it was necessary to compare the 
proposed model with other published 
models (Carpinteri and Vantadori, 
2009; Carpinteri et al., 2006; Toribio et 

al. 2008). In this work SIFs results are 
used for the validation purposes. Since, 
it is hard to find the J-integral results for 
these particular crack geometries.  
Figure 3 shows a comparison of the 
dimensionless SIFs under bending 
moment, FI,b and axial force, FI,a. The 
findings of this study are in good 
agreement with those of previous 
models.   
 

 
Figure 3 Validation of finite element 

model under bending moment 
 

In this present work, both linear 
and non-linear are conducted using 
ANSYS finite element analysis. For the 
linear FEA, modulus of elasticity, E = 
210 MPa and Poisson’s ratio, υ = 0.3 
are used. While for modelling plastic 
behaviour of the component, multilinear 
isotropic hardening (MISO) is used. 
MISO used von Mises criterion 
associated with isotropic hardening with 
a flow rule. The material stress-strain 
followed the Ramberg-Osgood relation 
as this expression   
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(1) 
where so = Eeo is a 0.2% of proof 
stress, a is a material constant and n is a 
strain hardening exponent. Two values 
of n are used, 5 and 10 represent the 
higher and lower strain hardening 
material models, respectively.  
 

3. RESULTS AND 

DISCUSSION 

 
3.1 Elastic-Plastic J-integral  

 
Figure 4 shows the linear relationship 
between Jp-FE and Jp-normal for the case of 
crack aspect ratio, a/b = 0.6 and the 
relative crack depth, a/D = 0.2 with a 

An independent node 
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strain hardening exponent, n = 5 under 
tension stress. The slopes of these 
curve-fitted lines are determined and it 
is represented a h-function. 
 

 
Figure 4 Relationship of curve-fitted 

data of Jp-FE and Jp-normal for 
a/b = 0.6, a/D = 0.2 

 

Figure 5 Effect of x/h on function hI,a 
for, (a) a/b = 0.6 and (b) a/b = 0.8 under 

tension 
 

Figure 5 shows the function-hI,a 
plotted against normalized coordinate, 
x/h for relative crack depth, a/D = 0.1, 
0.2 and 0.3. It is found that this function 
decreased when a/D is increased and the 

maximum values of function-hI,a have 
attained at the deepest crack location 
(x/h = 0.0) and it is also strongly related 
to a/D, x/h and n. No significant 
contribution of a/D ≤ 0.2 (shallow 
cracks) and strain hardening exponent, n 
on the function-hI,a can be observed. 
When the cracks become deeper (a/D ³ 
0.2), a/D and n have factors played an 
import role in determining the function-
hI,a. Figure 5 also shows that higher 
values of function-hI,a can be obtained 
with deeper cracks. This is related when 
a deeper crack is used lower resistance 
of bar is obtained and therefore higher 
values of J-integral is produced. Findley 
et al. (2007) used global approach to 
analyze J-integral however the analyses 
is limited to a/D = 0.246. 
 

3.2 Limit Load 

 

Normalized limit load, xa can be 
determined using Eq. (2) and plotted 
against normalized load, sa/so for 
various locations on the crack front. 
Figure 6 shows the behavior of xa 
obtained using a crack aspect ratio, a/b 
= 0.6 and strain hardening exponent, n = 
5. Due to the typical limit load curves 
have been observed therefore the case 
of a/b = 0.6 is considered in this 
analysis. It is found that the limit load 
curves asymptotically decreased when   
sa/so is increased. A case of a/b = 0.6 is 
considered in this analysis due to the 
typical distribution of limit loads can be 
observed.  
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(2) 
 

Generally, the limit load can be 
divided into two regions which are 
sa/so < 1.0 (lower load level) and 
sa/so >1.0 (higher load level). In the 
region sa/so <1.0, limit load obtained 

(a) 

(b) 
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from different locations along the crack 
front seem to shift away from each 
other and therefore producing higher 
distribution of limit load in this region. 
This is because under lower load levels, 
elastic J-integral dominated the vicinity 
area around the crack front.  

 
In limit load analyses, Lr is Eq. 

(2) represents the fully plastic 
parameter. Consequently, an elastic J-
integral is reduced as minimum as 
possible in order to avoid its irrelevancy 
in the calculation of limit load. 
Normalized limit loads, xa obtained at 
the outer surface (x/h = 1.0) are isolated 
among other limit loads. This is due to 
the fact, at that location the constraint 
along the crack front is less compared 
with the points situated around the 
deepest cracks (x/h = 0.0). 
 

It is noticed that from Figure 6 
show the result of limit loads obtained 
using n = 5. The bar resistances are 
decreased when the deeper cracks are 
used. These circumstances caused 
higher J-integral along the crack front 
and therefore reducing the limit loads. 
In the same time, the influences of 
plastic J-integral become increased and 
affected the distribution of limit load 
curves where all the curves have closed 
to each others as shown in Figure 6(b). 
An obvious behavior of can be seen if n 
= 10 is used.  
  

 
 

Figure 6 Effect of sa/so on the limit 
load, xa for a/b = 0.6 (a) a/D = 0.1 and 

(b) a/D = 0.2 bagi n = 5 
 
The characteristics of limit loads in 
Figure 6 may be described by 
examining the J/Je pattern along the 
crack front which is can be expressed as 
follows 
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where, J = Je + Jp and it is found that 
the parameter x/h change and others are 
assumed as constant parameters. 
Therefore, J/Je is determined by the 
hI,a/F

2
I,a for the various type of crack 

geometries under considerations. The 
behavior of hI,a/F

2
I,a are plotted against 

x/h using n = 5. In the region x/h ≤ 0.6, 
the curves of hI,a/F

2
I,a are almost 

flattened along the crack front. It is 
indicated that a single limit load can be 
used to estimate J-integral for all a/b 
with a/D ≤ 0.2. However for the region 
x/h > 0.6, there are some reductions of 
limit load as the x/h approach to the 
outer edge before converge at x/h = 1.0.   
  
4. CONCLUSION 

An elastic-plastic and elastic finite 
element analysis has been used to 
investigate fracture behavior of surface 

(a) 
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cracks in round bars. These bars were 
subjected to an axial tension stress. J-
integral is used as a fracture parameter 
and it is calculated along the crack front 
for various crack geometries. It is found 
that the J-integral is strongly related to 
a/b, a/D, x/h and n. Then, references 
stress approach is used to determine the 
limit load of the bar. Consequently, the 
limit load were verified for its capability 
to predict the J-integral and it is found 
that the estimations of J-integral using 
the reference stress approach is 
dependent on the a/D where J-integral 
can be predicted almost along the crack 
front except in the vicinity edge area of 
the cracks. 
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